fand g Series

Theclosed f and g expressonswhich were developed to express postion and velocity
vectors a sometime ¢, aslinear combinations of position and velocity vectors a another time

t may bereplacedby f and ¢ seriesexpressons. Since
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Since (™) isavectorinthe r — v planeit can be written as

The next derivative is given by
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So there are recurrence relations given by
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When n =0
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To continue the development of the series coefficients we need expressions for the derivetives
of u that can beused recursvely. Let

u=
r3
1
p=—I(I-Vv
(1)
1
¢=—5(V-v)—u
T
Thengnce r - v =r7r
. [ worr
Uv=—3—=r=—-—3——=—3up
i 3 2

.1 1 y 1. 1 1
p:T—Q(v-v)+3(r-r)——3r(r-v) =—2@2—u——4(r-v)2=q—2p
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Continuing with the recurson formulas
Fy=Fy —uGy = — 1= 3up
Gy3=F +Gy=—u
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= u(u — 15102 +3q)

Gy =F3 + Gg =3up+3up=6up

and so on until the desired number of termsisreached. A computer program to produce
recurson formulasis desirable to prevent errors. These formulas are used to determinethe f

and g series.
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The f and ¢ seriesare expressed
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where u,, po, and ¢, are u,p, and g a t =t,.

Prediction Problem
The prediction problem may be quickly solved usngthe f and ¢ seriesif thetimeintervd, 7,

isnot too large. Given the position, r;, and velocity, v, vector a sometime ¢; the postion at
alater time t9 isgiven by

ro = f(ry,vi,ta —t1)r1 +g(ri, vi,ta —t1)va

Intercept Problem

If two positions are known this formula may be rearranged and solved to find the unknown
veocity a ¢ = ¢ and thus determine the inter cept orbit

ro — f(ri,f1, 7
V1 = -
g(rL r, T)

The method employed isto guess an initid vauefor v; = tocompute f and g. Thenuse
the above eguation to compute anew value for v and use thisvaueto computeanew f and
g. Continuethisiteration until the vector v converges. The method converges quickly and
there is the advantage of no ambiguity.

Orbit Determination



The f and ¢ seriesgivesamethod to determine an initid orbit from optica sghtings. Obtain
line of sght unit vectors at three different observationtimes, 1, 5,3 by measuring right
ascenson «; and dedlination 6;. Theline-of-sght unit vector from the observer to the object

isgiven by
L, = cosé; cosa; | + cosd; Sna; I+ 9né; K
The fundamenta vector triangleis
r=pL+R

wherer isthe vector from the center of massto the object, R is the vector from the center of
mass to the observer, and p isthe length of the vector from the observer to the object.

We expand the vector r intermsof the f and ¢ seriesevduated at -
r=f(re, Vo, t —to)rg + g(ra, Vo, t — to)Vvo
Since we can write
fi=f(re, va,t; —ta) and g; = g(ra, v, t; — l2)

there are nine equations in nine unknowns : ro(3), v (3), p1, P2, P3

firg +g1ve = p1L1 + Ry
ro =palo +Ro

f3ra + g3V = p3L3 + R3

We can diminate the p; by cross multiplying the i*" equation by L ;.



fili xro+g1Lly xve=L1 xRy
Ly Xxrog =Ly xRy

fala xry +g3l3x vy =L3 x R3

Since there are now only six equations we may expand the cross products and drop the K
components to have Sx equations in Sx unknowns. This equation matrix may be economicaly
solved by a Gauss-Jordan scheme.

filizx — filigzz + g1L1.2 — g1L122 = Rigli: — RizLig
— fil1y + filiyz — 91129 + g1L1y2 = RizLiy — Ryyla
Lo,x — Loyz = Roglo, — Roloy

— Lo,y +Loyz=Ro.Loy — Roylo,

f3Ls.x — f3lszz + g3ls.@ — g3l3a2 = Rgzls. — Rs.Ls,

— f3L3.y + f3lgyz — 93139 + g3L3y2 = R3.L3y — R3yl3.

The iterative procedureis as follows :

1. Knownvauesare Li,L9,L3,R1,R9,R3
2. Edimate the magnitude of ro.

3. Compute ug = %
o

Compute 1,91, f3,93 udng f and g termsindependent of po and ¢
Solve the six equations for the unknowns z,y,z,%,3,% (ro and vs)
Compute new valuesof uo, po, g0 from ry and ve

Compute f1,91, f3,93 tothedesred accuracy

Loop back to step #5 and continue until the process converges to the correct

vauesaf ry andvs.

N oo

This method will converge with no ambiguity if the time between observations is not too large.
It ds0 has an advantage over the method of Laplace in that the observer may lie in the plane of
the orbit. The method does have some divergent behavior as the time intervals gpproach the



limits. This undesirable behavior may be damped by dlowing only asmal percentage of change
fromoneset of ry andvy to the next.

This method was found in the reference:
Fundamentds of Astrodynamics, Bate, Mueller, White

Hereisaroutinein C/C++ to caculate an eighth order f and g series, fr and gr, givena
position and velocity vector, rr1 and vvl, and atime, delt, advanced from the epoch of rr1
and vvl.

Il Fand G series

void f8¢(double rr1[], double vv1[], double delt, double& fr, double& gr)

{

doubler, u, p, q, p2, p4, ¢2, u2;

double 9], ¢[9];

r =norm(rrl);

u=1/@*r*y;

p = dot(rrl, vul)/(r«r);

g = dot(vul, vul)/(r+r) —u;

p2=p*p;

p4 = p2xp2;

42=qx*q;

U2=U*U;

f10] =1;

f11] =0;

2= —u/2;

fI8l=p*u/2;

[l =ux(u—3%(Bxp2—gq))/24;

fI5l= —pxux (u—Txp2+3xq)/8;

fl6l= —ux(u2—6% (35%xp2—4xq)*u
+45% (21xpd—14xp2xq+q2)/720;

flN=prux(u2—2%(25%xp2—"T*q)*u
+5%(33%xpd—30%xp2%xq+5%xq2)/80;

fI8l=ux(u2%u—9% (245+xp2—13%*q) * u2
+27%(1925%p4—910%p2xq+41%xq2)*u
—315%(429%pd*xp2—495%pd*q
+135%p2%xq2—5%q2xq))/40320;

gl0] = 0;
gll]=1;
gl2]= 0;
9[3]= — u / 6;
gdl=pru /4

glb]l=u x (u—9% (5%xp2—gq))/120;



gl6l= — pxux*x(u—2%(Txp2—3xq))/24;
g[71= — ux(u2—18*(35%p2 —3%q)*u
+225% (21xpd—14xp2%xq+¢q2))/5040;
g8l=prxux (u2—4% (25%xp2—6%q)*u
+15% (33xp4—30xp2xq+5%q2))320;
fr=1+deltxdeltx(f[2] +deltx( f[3] +deltx( f[4]
+delt=(f[5] +delt=(f[6] +delt«(f[7] +deltxf[8]))))));
gr=deltx(1+deltxdelt* (3] +deltx(d4] +deltx(§5
+deltx (6] +delt«(d7] +deltxg§))))));

}

It will aso be necessary to perform a Gaussian Elimination on the equation matrix to solve for
the components of the position and velocity vectorsat 5. | found an excdlent dgorithmina
numerica andysstext for scaed partid pivoting. The following code is my implementation of
the agorithm in C++. Note: the number 7 isthe column dimension for this particular
gpplication. The code can be adjusted to have this dimension declared as a constant int col
=T7; and dl the other numbersin the algorithm could be derived from that constant. (i.e.
replace every 6,5,4 by col —1, col —2, col —3).

// Gaussan dimination

void rref(double m[][7], doubleb[]) // scded partid pivoting
{

inti,j,k, ROW;

double s[6], bin, mut;

// cdculate scale factors

for(i = 0; 1 < 6,4 ++)

{

s[i] = abs(m[:][0]);
for(j = 1; j < 6; j++)
if(s[i] < abs(ml[d][4]))

{
}S[i] = abs(m[i][j]);
} // endfor

// swap rows according to scale

for(j = 0;7 < 5;7++)

{

ROW = j:

for(i = j+ 1 i < 6;i++)



{

if(abs(m[ROWI][;] / s[ROW]) < abs(m[i][j] / s[i]))
ROW = i;

}

if(ROW | = 5)

for(k=yj;k < 7; k++) // swaprows
{
bin = m[j][k];
m[j][k] = m[ROW][K];
m[ROW][k] = hin;
}
bin = s[j]; // swap scales
slj] = s[ROWJ;
s[ROW] = hin;
} /) endif

// forward dimination

for(i =j+1; i < 6; i++)

{
mut = m[i][5] / mlj]ls];
for(k=7+1; k < T; k++)
{
mli][k] = m[][k] — mult* m[;][k];
¥
m[d][j] = 0;

} // endfor

} // endfor j

// test for angular metrix

bin = 1;
for(i = 0;7 < 6; i++)
{

bin* = m[:][];

printf (" Singular matrix’’);
exit(0);



// back sudtitution

b[5] = m[3[6] / m[5][5];
for(i = 4; 4 > = 0;i--)
{
bin = 0;
forlk =i+ 1; k < 6; k++)
bin = bin+ m[i][k] * b[k];
b[i] = (ml[i][6] — bin) / m[i][d];
}
} // end rref



